The estimation of the modulus of algebraic polynomials on the boundary contour with weight function, having some singularities, with respect to the their quasinorm, on the weighted Lebesgue space was studied in this current work.
Introduction
Let C be a complex plane, and C := C ∪ {∞} ; G ⊂ C be the bounded Jordan region, with 0 ∈ G and the boundary L := ∂G be a closed Jordan curve, Ω := C \ G = extL. Let ℘ n denotes the class of arbitrary algebraic polynomials P n (z) of degree at most n ∈ N := {1, 2, ...} .
Let 0 < p ≤ ∞. For a rectifiable Jordan curve L, we denote
P n L∞ : = P n L∞(1,L) := max Let {z j } m j=1 be a fixed system of distinct points on curve L which is located in the positive direction. For some fixed R 0 , 1 < R 0 < ∞, and z ∈ G R 0 , consider a so-called generalized Jacobi weight function h (z) being defined as follows
where γ j > −1, for all j = 1, 2, ..., m, and h 0 is uniformly separated from zero in G R 0 , i.e. there exists a constant c 0 := c 0 (G R 0 ) > 0 such that for all z ∈ G R 0 h 0 (z) ≥ c 0 > 0.
In many areas, we often need to study the following inequality
where c = c(G, p, q) > 0 is the constant, independent from n, P n , and µ n (L, h, p, q) → ∞, n → ∞, depending on the geometrical properties of curve L and weight function h in the neighborhood of the points {z j } m j=1 . In particular, it was studied the behavior of the |P n (z)| on L (q = ∞), where the boundary curve L and weight function h having some singularity on the L. First result of the (1.2)-type, in case of h(z) ≡ 1 and L = {z : |z| = 1} for 0 < p < ∞ was found in [13] . The other results, similar to (1.2), for the sufficiently smooth curve, were obtained in [25] (h(z) ≡ 1), and in [27] (h(z) = 1). The estimations of the (1.2)-type for 0 < p < ∞ and for h(z) ≡ 1 when L is a rectifiable Jordan curve were investigated in [16] , [17] , [19, pp.122-133] , [23] , [26] and for h(z) = 1-in [10, Theorem 6] , [1, 2, [4] [5] [6] [7] [8] and others, respectively. More references regarding the inequality of the (1.2)-type can also be found cited above and in Milovanovic et al. [18, Sect.5.3] .
Let a rectifiable Jordan curve L has a natural parametrization z = z(s), 0 ≤ s ≤ l := mesL. It is said that L ∈ C(1, λ), 0 < λ < 1, if z(s) is continuously differentiable and z (s) ∈ Lipλ. Let L belongs to C(1, λ) everywhere except for a single point z 1 ∈ L, i.e. the derivative z (s) satisfies the Lipschitz condition on the [0, l] and
It is assumed that L has a corner at z 1 with exterior angle ν 1 π, 0 < ν 1 ≤ 2, and denoted the set of such curves by C(1, λ, ν 1 ).
In [28] , this problem was investigated in case p = 2 for orthonormal on the curve of L ∈ C(1, λ, ν 1 ) polynomials Q n (z) with the weight function h defined in (1.1) and can be shown that the condition of "pay off" singularity curve and weight function at the points z 1 can be given as (1 + γ 1 ) ν 1 = 1. In [28] , the case, where (1 + γ 1 ) ν 1 = 1 was investigated by the author. It is shown, that if the singularity of a curve and weight function at the points z 1 satisfy the following condition
then for |Q n (z)| , the following estimation is true
where
and c(L) > 0 is the constant independent on n. In this work, the estimations of the (1.2)-type, in particular (1.4)-type for more general curves of the complex plane were studied and the analog of the estimate (1.4) under the condition (1.3) was obtained.
Definitions and main results
Throughout this paper, c, c 0, c 1 , c 2 , ... are positive and ε 0 , ε 1 , ε 2 , ... are sufficiently small positive constants (generally, different in different relations), depending on G in general and on parameters inessential for the argument. Otherwise, such dependence will be explicitly stated.
Without loss of generality, the number R 0 in the definition of the weight function, R 0 = 2 can be taken. Otherwise, the number n can be chosen as n ≥ ε 0 R 0 −1 , where ε 0 , 0 < ε 0 < 1, some fixed small constant.
For any k ≥ 0 and m > k,
Before go any further, some definitions and the notations are needed to be given. Let z = ψ(w) be the univalent conformal mapping of B := {w : |w| < 1} onto the G normalized by
By [21, pp.286-294] , it is said that, a bounded Jordan region G is called a κ -quasidisk, 0 ≤ κ < 1, if any conformal mapping ψ can be extended to a K -quasiconformal, K = 1+κ 1−κ , homeomorphism of the plane C on the plane C. In that case, the curve
We denote the class of κ -quasicircle by
It is well-known that, the quasicircle may not even be locally rectifiable [14, p.104] .
We note that the class Q α is sufficiently wide. A detailed information on this and the related topics are contained in [15] , [22] , [30] (see also the references cited therein). We consider only some cases:
b)If L = ∂G is a piecewise Dini-smooth curve and largest exterior angle at L has opening 
. Also, if L is an asymptotic conformal curve, then Φ ∈ Lip α for all 0 < α < 1 [15] .
In this case the following can be had:
, is a certain number. Therefore, according to 2.3, α can be calculated in the right parts of estimation (2.1) for each case, respectively. Now, we assume that the weight function h have "singularity" at the points {z i } m i=1 , i.e., γ i = 0 for all i = 1, m. In this case, the following "local" (at the points
Let's introduce the special "singular" points on the curve L and then lets give the following definition. For δ > 0 and z ∈ C, let us set B(z, δ) :
ii) there exists a sequence non-crossing in pairs circles {D(
and c i are independed on z and ξ.
It is clear that, from Definition 2.
If the region L does not have such "singularity", i.e. if β i = α, for all i = 1, m, then, it can be written as
Throughout this work, we will assume that the points
∈ L defined in Definitions 2.6, and 2.7 are coincide. Without loss of generality, the points {z i } m i=1 ordered in the positive direction on the curve L. We assume that the curve L has "singularity" on the boundary points {z i } m i=1 , i.e., β i = α, for all i = 1, m, and the weight function h has "singularity" at the same points, i.e., γ i = 0 for some i = 1, m. In [20] , the following result was shown: (1.1) and
In comparisons of Theorem B and Theorem 2.5, it is seen that, if interference conditions (2.4) are satisfied for any "singular" points {z i } m i=1 of the weight function and the curve L, then the growth rate of the polynomials P n (z) on L does not depend on whether or not the weight function h(z) and the curve L. Now, assume that the equality (2.4) does not hold for each singular points
. Let us suppose
. In the present paper the case is investigated
For simplicity of our next calculations, will be taken as i = 1 . (1.1) and
Then, for every z ∈ L and P n ∈ ℘ n , n ∈ N, there exists
8)
and
9)
Since α ≥ β 1 , (2.7) will be satisfied when −1 < γ 1 < 0. So, from (2.8) it can be seen that, the order of the height of P n in point z 1 and points z ∈ L, z = z 1 , where h(z) → ∞ and curve L not having singularity, acts itself identically. Thus, the conditions (2.7) can be called "algebraic pole" conditions of the order
In case, if L and h(z) have of two singular points, it can be written as
where s i , σ i , i = 1, 2, defined as in (2.10), for i = 1 and analogously for i = 2, respectively. Theorem 2.8 is also correct if the curve L has at point z 1 algebraic pole and at points {z k }, k ≥ 2, singularity, in which satisfying the interference conditions (2.4). 
12)
where 
Some auxiliary results
For a > 0 and b > 0, we will use the notations "a b" (order inequality), if a ≤ cb and "a b" are equivalent to c 1 a ≤ b ≤ c 2 a for some constants c, c 1 , c 2 (independent of  a and b) , respectively.
The following definitions of the K-quasiconformal curves are well-known (see, for example, [9] , [14, p.97] and [24] ).
Let F (L) denotes the set of all sense preserving plane homeomorphisms f of the region D ⊃ L such that f (L) is a line segment (or circle) and lets define
Remark 3.2.
It is well-known that if we are not interested in the coefficients of quasiconformality of the curve, then the definitions of "quasicircle" and "quasiconformal curve" are identical whereas, if we are also interested in the coefficients of quasiconformality of the given curve, then a consideration is taken if the curve L is K−quasiconformal; therefore, it is κ−quasicircle with κ =
Following of the Remark 3.2, the both terms will be used for simplicity, depending on the situation.
For z ∈ C and M ⊂ C, we set
where ε < 1, c > 1, 0 < r 0 < 1 are the constants depending on G and L r 0 := {z = ψ(w) : |w| = r 0 } .
This fact follows from [21, p.287, Lemma 9.9] and estimation for the Ψ (see, for example, [11, Th.2.8]):
be the fixed system of the points on L and the weight function h (z) defined as (1.1). (1.1) . Then, for arbitrary P n (z) ∈ ℘ n , any R > 1 and n ∈ N, we have
Lemma 3.5. [8] Let L be a rectifiable Jordan curve and h(z) is defined as in
Remark 3.6. In case of h(z) ≡ 1, the estimation (3.2) has been proved in [12] .
Proofs of theorems

Proof of Theorem 2.5
Proof. Suppose that L ∈ Q α , for some 
denotes the Blashke function with respect to zeros
3) For any p > 0 and z ∈ G R , let us set:
The function T n (z) is analytic in G R and continuous on G R , not having zeros in G R . We take an arbitrary continuous branch of the T n (z) and we maintain the same designation for this branch. Then, the Cauchy integral representation for the T n (z) in G R gives 5) and then
Multiplying the numerator and the denominator of the integrand by h 1/2 (ζ), according to the Hölder inequality, from (4.2) and (4.3), we obtain:
Then, from Lemma 3.5, for the each points {z j } m j=1 ∈ L, we have:
To estimate the integral J n,2 , we introduce
where Ω j := Ψ(∆ j )
and, for j = 2, m − 1
Since the points {z j } m j=1 ∈ L are distinct, we get:
where Let the numbers δ 1, δ * 1 , 0 < δ 1 < δ * 1 < δ 0 < diam G, are chosen from the Definition 2.6. By denoting
Then, by applying Lemma 3.3, we have:
Then from (4.11)-(4.13), we get:
By combining (4.7)-(4.14), we obtain:
and, according to (4.10), the proof is completed.
Proof of Theorem 2.8
Proof. Suppose that L ∈ Q α,β 1 , for some 1)-(4.4) . By taking the arbitrary fixed branch of T R (z), for any z ∈ G R from (4.5), we get:
For arbitrary z ∈ L, z = z 1 , multiplying both sides of the equality by (z − z 1 ) −σ 1 , we obtain:
By multiplying the numerator and the denominator of the integrand via h 1/2 (ζ) and by applying the Hölder inequality, we obtain:
Then, for z ∈ L, from Lemma 3.5, we have:
From (4.4), we obtain:
According to well-known inequalities [29, p.121 ]
from (4.16), we obtain:
Since |B m,R (z)| < 1, for z ∈ L and |B m,R (ζ)| = 1, for ζ ∈ L R , then there exists ε 1 ,where 0 < ε 1 < 1, in such that the following is fulfilled:
Then, from (4.18) and (4.19), for each z ∈ L\ {z 1 } , we have
By the Theorem 2.5, the estimation for |P n (z 1 )| is known.Therefore, finding of an estimation of J n,2
is needed for completion. We set:
then, from (4.15), we get:
for l ⊂ L. There are two possible cases: the point z may lie on
Consider the individual cases: 1) Let z ∈ L 1 1 . 1.1) By applying (4.17), we have:
Then, from (4.23), we get:
and by Definition 2.6, we obtain:
Then, for this case we get:
2) Let z ∈ L 1 2 . 2.1) According to |ζ − z 1 | < |z − z 1 | , by Definition 2.6, we obtain:
Then, we get:
Therefore, in this case we have and, then the proof of (2.8) is completed.
The estimation of (2.9) follows from the Theorem 2.5 for α = β 1 .
